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√
x

a
+ �

√
y

b
= � �%&%� '# ���&� ()* +,�-� '.*�&� +*� /�0)� �


1���� 2y = bu sin� v � x = au cos� v 3�4 �# !D : � ≤ x,� ≤ y, �
√

x/a + �
√

y/b ≤ � �� +*� 5��.� '%��� �6%�� �� !7,

J =
∣∣∣∣det

[
a cos� v −�au sin v cos v

b sin� v �b sin v cos v

]∣∣∣∣ = |abu sin(�v)| ; D′ : � ≤ u ≤ �,� ≤ v ≤ π/�
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 ��

Area(D) =
∫ ∫

D

dA =
∫ ∫
D′

|abu sin(�v)| dA′ = ab
(∫ �

�

u du
)( ∫ π/�

�

sin(�v) dv
)

= ab × �

�
× � = ab

':&;< ��� � x + y − � = z ':&;< =>�# � 25�?9@� ��� 19	A B� �� "$�� 16, V � �� 'C
∫∫∫

V

z dV ���D9
� ���E� �F

!�8%C '.*�&� �� 2+*� z = �

G+*� H8%I �J
 ���� ': 8,�
 ���, 2'K�:-� 5��< '# 'L�� �# !7,

V : � ≤ x � ≤ y , � ≤ z , x + y − � ≤ z , z ≤ � : � ≤ x ≤ � , � ≤ y ≤ �− x , x + y − � ≤ z ≤ �
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 ��
∫∫∫

V

z dV =
∫ �

�

(∫ �−x

�

(∫ �

x+y−�
z dz

)
dy

)
dx =

∫ �

�

(∫ �−x

�

(
�

�
− �

�
(x + y − �)�

)
dy

)
dx

=
�

�

∫ �

�

[
y − �

�
(x + y − �)�

]�−x

�

dx =
�

�

∫ �

�

(x� − �x� + �) dx =
�

�

!�8%C '.*�&� x�

a�
+

y�

b�
+

z�

c�
= � ��M�N8# '# ���&� '8,�
 �# �� |xyz| "#�� ���D9
� ��

5��< H�� �� !1 8 % C�� ��� ; 9*� z = cρ cosϕ � y = bρ sinϕ sin θ 2x = aρ sin ϕ cos θ ��� 
�� =��C 5�?9@� �� !7,
'689
 �� !V ′ : � ≤ ϕ ≤ π , � ≤ θ ≤ �π , � ≤ ρ ≤ � �� +*� 5��.� ��O ���?� ': 8,�
 � J = abcρ� sin ϕ∫∫∫

V

|xyz| dV =
∫∫∫

V ′

∣∣∣(aρ sin ϕ cos θ)(bρ sin ϕ sin θ)(cρ cosϕ)
∣∣∣ (abcρ� sinϕ) dV,

= a�b�c�
∫∫∫

V ′

ρ� sin� ϕ
∣∣∣ cosϕ cos θ sin θ

∣∣∣ dV ′

= a�b�c�

(∫ �

�

ρ� dρ

)(∫ π

�

sin� ϕ
∣∣∣ cosϕ

∣∣∣ dϕ

)(∫ �π

�

∣∣∣ cos θ sin θ
∣∣∣ dθ

)

= �a�b�c�

(∫ �

�

ρ� dρ

)(∫ π/�

�

sin� ϕ cosϕdϕ

)(∫ π/�

�

cos θ sin θ dθ

)

= �a�b�c� × �

�
× �

�
× �

�
=
�

�
a�b�c�



�A �� �K�DI � +*� ��O ��L x� + y� = �x '
��9*� P*�� 'C x� + y� + z� = � ��C �� �9�-$ ��L ': .*�&� +*� /�0)� ��
!+*� δ = x� + y� + z� �#��# (x, y, z) ':)E


G1��#�� =�'
��9*� 5�?9@� '# �� � !+*� V : x� + y� ≤ �x , x� + y� + z� ≤ � 'K�:-� H�� ': %��� !7,

V ′ : r� ≤ �r cos θ , r� + z� ≤ � : � ≤ cos θ , � ≤ r ≤ � cos θ , z� ≤ �− r�

: −π

�
≤ θ ≤ π

�
, � ≤ r ≤ � cos θ , −

√
�− r� ≤ z ≤

√
�− r�

1���� u =
√
�− r� 3�4 �# 2'689
 ��

m =
∫∫∫

V

δ dV =
∫∫∫

V ′

(r� + z�) r dV ′ =
∫ π/�

−π/�

⎛
⎝∫ � cos θ

�

⎛
⎝∫

√
�−r�

−
√
�−r�

(r� + z�) r dz

⎞
⎠ dr

⎞
⎠ dθ

=
∫ π/�

−π/�

⎛
⎜⎝∫ � cos θ

�

[(
r�z + r

z�

�

)]√�−r�

−
√
�−r�

dr

⎞
⎟⎠ dθ =

�

�

∫ π/�

−π/�

(∫ � cos θ

�

r(r� + �)
√
�− r� dr

)
dθ

=
�

�

∫ π/�

−π/�

(∫ �

� sin θ

u�(u� − �) du

)
dθ =

��

��

∫ π/�

−π/�

(
� sin� θ + �− � sin� θ

)
dθ =

��

�

!�8%C �*��# 2(�,�) � (�,�) 2(�,�) ��Q� �# �R0R� C � F = (x� − xy)i + (xy − y�)j =����# ���8� =��# �� H��M '8N$ ��
� � C = �OBA 1 ���� 2B = (�,�) � A = (�,�) 2O = (�,�) 3� 4 � # � 6 % �� �� �� � � � � � �	 
 �� 
 � �� �� !7 ,

� �� 'C 2C = OB ∪ BA ∪ AO

OB : r(t) = (�− t)O + tB = (�t,�) ; � ≤ t ≤ �

BA : r(t) = (�− t)B + tA = (�− t, t) ; � ≤ t ≤ �

AO : r(t) = (�− t)A + tO = (�− t,�− t) ; � ≤ t ≤ �

'689
 ��∮
C

F •dr =
∫

OB

F •dr +
∫

BA

F •dr +
∫

AO

F •dr

=
∫ �

�

(�t�,�) • (�,�) dt +
∫ �

�

(�t� − �t + �,�t − �t�) • (−�,�) dt +
∫ �

�

(�,�) • (−�,−�) dt

= �

∫ �

�

(t� + �t − �) dt =
�

�

'689
 �� 2+O�
 ������ D : � ≤ y ≤ � , y ≤ x ≤ �− y 5��< '# �� S0R� 7T�� ����� �� ������� �� ��

∫∫
D

(Qx − Py) dA =
∫∫
D

(x + y) dA =
∫ �

�

(∫ �−y

y

(x + y)

)
dy = �

∫ �

�

(�− y�) dy =
�

�

G�8%C U8E&� C �%&%� � F = (y + �z)i + (z + �x)j + (x + �y)k =��8
 ���8� =��# �� VC�9*� '8N$ �W
C : r(t) =

(
� cos t, sin t, cos t + sin t

)
; � ≤ t ≤ �π

1���� 2+*� ��O ��9����� �%&%� '�%�� '# 'L�� �# ������� �	 
��
� ���� !7,
∮

C

CF •dr =
∫ �π

�

(
cos t + � sin t,� cos t + sin t,� cos t + � sin t

)
•
(− � sin t, cos t,− sin t + cos t

)
dt

=
∫ �π

�

(
	 cos� t − � sin� t − sin t cos t

)
dt = −π



'# �� � H���#�%# !+*� x�/�+ y� = � ': 
��9*� � �z = x + �y ':&;< ���T�# 7&� �%&%� H�� ����� �� ������� �� ��
5��.� '# !+*� ��O ��L x�/�+ y� = � ': 
��9*� P*�� 'C ���
 ��?� ������ �z = x + �y ':&;< �� �9�-$ ': .K 5��<

G��� ': �� � ': .K 2�D��

S : z = x/�+ y , (x, y) ∈ D , D : x�/�+ y� ≤ �

1���� 2f = �z − x − �y 3�4 �# X8��� H�� '#

n = ± f ′

‖f ′‖ = ±�
�

(−�,−�,�) , dσ =
‖f ′‖
|fz| dxdy =

�

�
dxdy

��YZ# !+*� ��.$ ���� n �� +.R� +K�, 2C +[L '# 'L�� �# 'C

Curl(F) =

∣∣∣∣∣∣
i j k

∂/∂x ∂/∂y ∂/∂z
y + �z z + �x x + �y

∣∣∣∣∣∣ = (�,�,�)
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 �� �∫∫
(S)

Curl(F) •n dσ =
�

�

∫∫
D

(�,�,�) • (−�,−�,�) dxdy = −�
�

∫∫
D

dxdy = −�
�

Area(D) = −�
�

× π × �× � = −π

�� '# ���&� '8,�
 =��# �� V
�\ ���� '8N$ 2r =
√

x� + y� + z� � �� 'C 2�O�# F = − �

r�

(
xi + yj + zk

)
'C ����< �� �]

!�8%C �*��# � ≤ x� + y� + z� ≤ � ��C
G18%C�� ���;9*� �J
 ���� =�A��C ����
 ��9����� =��# �.)$ 5�?9@� �� ������� �	 
��
� ���� !7,

S = S� ∪ S� ; D : � ≤ ϕ ≤ π , � ≤ θ ≤ �π

S� : r(ϕ, θ) = (� sin ϕ cos θ,� sin ϕ sin θ,� cosϕ) ; (ϕ, θ) ∈ D

S� : r(ϕ, θ) = (sinϕ cos θ, sin ϕ sin θ, cos ϕ) ; (ϕ, θ) ∈ D

'689
 ��

n� dσ� = ±rϕ × rθ dϕdθ = ± (sin ϕ cos θ, sin ϕ sin θ, cosϕ) � sin ϕdϕdθ

n� dσ� = ±rϕ × rθ dϕdθ = ± (sin ϕ cos θ, sin ϕ sin θ, cosϕ) sin ϕdϕdθ

'689
 �� !+*� ��.$ ���� − ��� +K�, �� � + ��� +K�, �� 'C∫∫
(S)

F •n dσ =
∫∫
(S�)

F •n dσ +
∫∫
(S�)

F •n dσ

=
∫∫
D

−�
�

(� sin ϕ cos θ,� sin ϕ sin θ,� cosϕ) • (sin ϕ cos θ, sin ϕ sin θ, cosϕ) � sinϕdϕdθ

+
∫∫
D

− (sin ϕ cos θ, sin ϕ sin θ, cosϕ) • (− sinϕ cos θ,− sin ϕ sin θ,− cosϕ) sin ϕdϕdθ

= �

G+*� �;< ���8� V
�\ ���� � V : � ≤ x� + y� + z� ≤ � �� +*� 5��.� ��O ���� ': �� � 7T�� ����� �� ������� �� ��

div(F) =

(
− �

r�
+
�x�

r�

)
+

(
− �

r�
+
�y�

r�

)
+

(
− �

r�
+
�z�

r�

)
= �
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 ��∫∫∫
V

div(F) dV = �


